Valeri and VanderWeele [1] used the counterfactual framework to extend formulas from Baron and Kenny [2] to account for exposure-mediator interaction in mediation analysis. The results are also extended to the case when the outcome is binary. VanderWeele and Tchetgen Tchetgen [3] identified the randomized interventional analogues of the natural direct and indirect effects in longitudinal settings in presence of time-varying exposure, time-varying mediator, and possibly time-varying confounders where the outcome is continuous. We synthesize the ideas in these two papers to derive expressions for natural direct and indirect effects when the outcome is binary but the exposure, mediator and potential confounders are time-varying.
Let Yām denote the value of the outcome that would have been observed if exposure were set to levelā and the mediator were set to levelm. Let Mā(t) be the counterfactual value of M (t) if A were set toā and letḠā(t) denote the corresponding randomly drawn counterfactuals from the distribution of the mediatorM (t) that would have been observed if exposure had been fixed toā. The randomized interventional analogues of natural direct effect ( N DE) and natural indirect effect ( N IE) in log odds-ratio scale are defined as
The following three no-unmeasured-confounding assumptions suffice to identify natural direct and indirect effects: (1) exposure effect on outcome is unconfounded conditional on baseline covariates and the past (including past exposures, past mediators, and past confounders); (2) mediator effect on outcome is unconfounded conditional on baseline covariates and the past; (3) exposure effect on mediator is unconfounded conditional on baseline covariates and the past. If the assumptions hold, NDE and NIE can be evaluated using the following pair of marginal structural models. We assume that the marginal structural logistic regression model for the binary outcome [4] is given by
where the subscript i refers to the observation from subject i, cum
The coefficients can be consistently estimated with stabilized inverse probability weights:
where f (.) is the likelihood function under a standard parametric model. We assume that the linear repeated measures structural models [5] for the mediator process are given by
where avg i (Ā(t)) = t s=1 A i (s)/t for t = 1, 2, ...T . Likewise, consistent coefficient estimates can be obtained via inverse probability weighted regression with weights
By applying the g-formula [6] under the assumption that the outcome is rare, we can obtain the expressions for direct effect and indirect effect in terms of P [¯ (t)|ā(t),m(t − 1), v,¯ (t − 1)] and the coefficients from the above structural equations. Further simplification of the effect expressions requires parametric assumptions about P [¯ (t)|ā(t),m(t − 1), v,¯ (t − 1)]. If we thus consider L(t) to be an empty set, the relationship diagram can be pruned as Under the relaxed relationship above, all terms involving time-varying confounders L can be dropped. From the specifications of T linear regression models for M (t) above, we can obtain that 1, 1, . .., 1) T and Σ is the variance-covariance matrix of the error terms from the linear repeated measures structural models. The natural direct effect (NDE) and the natural indirect effect (NIE) can be explicitly obtained. The NDE log odds ratio and the NIE log odds ratio with exposure changed fromā * toā can be expressed by
If we follow the convention that exposure and mediator are centered at the mean for better interpretability on interactions and express the mediation effects in terms of one unit increase from -1 to 0 (a t = 0 and a * t = −1 for all t), the NDE log odds ratio and NIE log odds ratio can be further simplified as
The detailed derivations are provided in the e-appendix http://www-personal.umich. edu/~yinhsiuc/. The described framework may be applicable to the situation in a nested case-control study where case-control sampling is done from an existing cohort with longitudinal measurements available on exposures and mediators [7] or it could be a birth cohort study where the outcome is preterm birth and several measures of exposure and mediator are obtained during pregnancy [8] .
